Abstract. We provide a new characterization of several Mal'tsev conditions for locally finite varieties using hereditary term properties. We show a particular example how lack of absorption causes collapse in the Mal'tsev hierarchy, and point out a connection between solvability and lack of absorption. As a consequence, we provide a new and conceptually simple proof of a result of Hobby and McKenzie, saying that locally finite varieties with a Taylor term possess a term which is Mal'tsev on blocks of every solvable congruence in every finite algebra in the variety.
1. Introduction 1.1. Outline. The main purpose of the paper is to relate three important concepts that emerged in universal algebra over the years: the hierarchy of Mal'tsev conditions that has been a central topic in universal algebra since its very beginning [8] , the general notion of solvability developed as a part of the commutator theory some 30 years ago [7] , and the absorption theory that emerged recently in the context of the algebraic approach to Constraint Satisfaction Problem (CSP) [1] .
The paper has three parts. First, we establish alternative characterizations of four important Mal'tsev conditions for idempotent locally finite varieties, namely, the Taylor property, few subpowers, congruence permutability and congruence meet-semidistributivity, using conditions asking for hereditary (non-)existence of certain objects, namely
• non-existence of a cube term blocker,
• existence of a confluent term operation, • existence of a transitive term operation, • existence of a weakly pointing term operation, and • existence of a pointing term operation. All five conditions are related to the concept of absorption, and they already found, with the exception of confluent operations, some applications. In the second part, we apply the characterizations to show that, in idempotent locally finite varieties, lack of absorption, namely,
• non-existence of absorbing subalgebras, or • non-existence of bin-absorbing subalgebras, causes a collapse of certain Mal'tsev conditions. We conclude with a proof that solvability (in various forms) causes lack of absorption (on various levels). The three parts combined, we obtain new proofs of some old results of Hobby and McKenzie [9] . We would like to point out that the paper is mostly self-contained, referring only to several simple results on absorption from [1] and to a characterization of congruence meet semidistributive varieties from [9] . In particular, in our proof of the Hobby-McKenzie Theorem 4.7, we avoid references to the tame congruence theory at all. Now we give necessary definitions and highlight (special cases of) the main results.
1.2.
Hereditary properties and Mal'tsev conditions.
Hereditary properties propagate.
We prove that all the conditions displayed in the outline have a common feature: If a finite idempotent algebra A and all of its subalgebras satisfy this property then so does every algebra in the pseudovariety generated by A. (Recall that a pseudovariety is a class of algebras closed under homomorphic images, subalgebras, and finitary products.) Confluent, transitive and (weakly) pointing term operations in the free algebra can be used to obtain terms satisfying certain identities. In this way we obtain new characterizations of varieties with a Taylor term, a cube term (i.e., varieties with few subpowers), and meetsemidistributive varieties (resp.).
Taylor term.
An n-ary idempotent term t is a Taylor term if, for every coordinate i ≤ n, t satisfies an identity of the form t(x 1 , . . . , x n ) ≈ t(y 1 , . . . , y n ) , where x 1 , . . . , x n , y 1 , . . . , y n ∈ {x, y} and x i = x, y i = y. The existence of a Taylor term is the weakest non-trivial idempotent Mal'tsev condition [20] . Taylor terms recently receive a great deal of attention because of the fact that they are conjectured to distinguish between tractable and NP-complete CSPs [6] .
An n-ary operation f on a set A is called confluent in i-th coordinate, if for every u, v ∈ A there exist a 1 , . . . , a n , b 1 , . . . , b n ∈ A such that a i = u, b i = v and f (a 1 , . . . , a n ) = f (b 1 , . . . , b n ). Operations which are confluent in every coordinate are called confluent. Our first result connects Taylor terms and confluent operations. Theorem 1.1. The following are equivalent for a finite idempotent algebra A.
(1) A has a Taylor term; (2) Every subalgebra of A has a confluent term operation.
Cube term.
An n-ary idempotent term t is a cube term if, for every coordinate i ≤ n, t satisfies an identity of the form
where x 1 , . . . , x n ∈ {x, y} and x i = x. Cube terms were independently discovered in [12] and [4, 10] , in the latter two papers in connection with the property that algebras in the variety have few subpowers and with algorithms for the CSP generalizing Gaussian elimination.
A classical example of a cube term is a Mal'tsev term, i.e. a ternary term m satisfying the identities m(y, x, x) ≈ y ≈ m(x, x, y).
An analogue of confluent operations are transitive operations. An n-ary operation f on a set A is called transitive in i-th coordinate, if for every u, v ∈ A there exist a 1 , . . . , a n ∈ A such that a i = u and f (a 1 , . . . , a n ) = v. Operations which are transitive in every coordinate are called transitive. Such operations were used in the proof of the Absorption Theorem, one of the key facts in absorption theory [1] .
A proper subalgebra B of an idempotent algebra A is called a cube term blocker if for every term operation t of A there exists a coordinate i such that
Cube term blockers were introduced in [14] in connection to finitely related algebras and the Valeriote conjecture for congruence modular varieties.
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The second major result connects these three concepts. Theorem 1.2. The following are equivalent for a finite idempotent algebra A.
(1) A has a cube term.
(2) Every subalgebra of A has a transitive term operation.
(3) No subalgebra of A has a cube term blocker.
The equivalence (1) ⇔ (3) was proved in [14] , our paper provides an alternative proof. The reader may wonder whether there is a corresponding notion to cube term blockers in the context of Taylor terms. The answer is affirmative, but the characterization we would get is weaker than the one obtained in [5, Proposition 4.14], so we do not formulate it here.
Meet-semidistributivity. A variety is called meet-semidistributive if congruences of all of its members satisfy
Meet-semidistributive varieties also play a significant role in the CSP where they characterize problems solvable by local propagation methods [2] . There is a number of Mal'tsev conditions characterizing meet-semidistributivity, see e.g. [9, 13, 21] .
(Weakly) pointing operations are in a sense dual to transitive operations. An n-ary idempotent operation f on A weakly points to a if, for each j ≤ n, there exists a
A . An n-ary idempotent operation f on A points to a if there there exist a 1 , . . . , a n ∈ A such that, for every j ≤ n, f (a 1 , . . . , a j−1 , b, a j+1 , . . . , a n ) = a for all b ∈ A .
(Weakly) pointing operations were one of the main algebraic tools in [2] . We prove that pointing operations characterize meet-semidistributivity and use them to give a new Mal'tsev condition: Theorem 1.3. Let A be a finite idempotent algebra. The following are equivalent.
(1) A generates a congruence meet-semidistributive variety.
(2) Every subalgebra of A has a pointing term operation.
(3) Every subalgebra of A has a weakly pointing term operation. (4) V has an n-ary term t which, for every i ≤ n, satisfies an identity
where (x ij ) and (y ij ) are {x, y}-matrices such that x ij = y ij for every i = j, and x ii = x, y ii = y for every i.
In Theorem 2.12, we also show that condition (4) is equivalent to its particular instance, using the matrices  
Lack of absorption and collapses of Mal'tsev conditions. Let B be a subalgebra of A. We say B is an absorbing subalgebra of A, if there is an idempotent term operation t of A such that t(B, . . . , B, A, B, . . . , B) ⊆ B, in every coordinate. Such an operation t is called an absorbing term operation for B. An absorbing subalgebra B of A is called bin-absorbing if the absorbing term operation for B can be chosen binary. An algebra A is called hereditarily absorption-free (shortly, HAF ), if no subalgebra B ≤ A has a proper absorbing subalgebra, it means, whenever C is absorbing in B ≤ A, then C = B. The notion of hereditarily bin-absorption-freeness (HBAF for short) is defined analogically to HAF-ness.
A very useful property of absorbing subalgebras is that some important properties of subpowers are inherited to them, so it is advantageous when an algebra possesses a nontrivial absorption. Our next result shows that lack of (bin-)absorption has strong consequences, at least for algebras with a Taylor term. Theorem 1.4. Let A be a finite idempotent algebra with a Taylor term.
(1) If A is HAF then it has a Mal'tsev term.
(2) If A is HBAF then it has a cube term.
Replacing Taylor by a stronger condition, we obtain further collapses as a corollary. For instance, let A be a finite idempotent algebra. Assume that A is HAF and generates a congruence meet-semidistributive variety, or assume that A is HBAF and generates a congruence distributive variety. Then A has a near unanimity term.
1.4. Solvability and absorption. The last section applies our results to abelian and solvable algebras. We briefly recall basic definitions, see [16] for detailed exposition.
Let A be an algebra and α ≤ β its congruences. We say β is abelian over α if, for every term operation t and all (x, y), (u 1 , v 1 ), . . . , (u n , v n ) ∈ β, the following implication holds:
We say β is bin-abelian over α, if the condition holds for every binary term operation t.
We say β is solvable over α (bin-solvable, resp.) if there is a chain of congruences α = α 0 ≤ α 1 ≤ . . . ≤ α n = β such that α i is abelian (bin-abelian, resp.) over α i−1 , for every i = 1, . . . , n. A congruence is called abelian (solvable) if it is abelian (solvable) over 0 A . An algebra is called abelian (solvable) if the congruence 1 A is abelian (solvable). Analogical notions are defined using bin-abelianess and bin-solvability.
Binary versions of abelianess and solvability are rather nonstandard. Note that binabelianess is a strictly weaker notion: e.g., there are non-abelian algebras with no non-trivial binary term operations, such as the two-element algebra with the ternary majority operation.
The following theorem shows a connection to HAF and HBAF algebras. The converse of Theorem 1.5 fails, even for idempotent algebras: there are non-solvable idempotent HAF algebras, e.g., the idempotent reduct of the group A 5 [17] .
As a consequence we get an alternative proof of (a part) of [9, Theorem 9.6]. The second corollary concerning bin-solvability is, we believe, new. We cannot drop the assumption of finiteness in Theorem 1.4 and Corollary 1.6:
where F consists of all binary operations x * a y = (1 − a)x + ay with a ∈ (0, 1) ∩ Q. This is an abelian idempotent algebra with a binary Taylor term * 1/2 . It has no cube term, because all operations * a preserve the natural order of Q. Hence Corollary 1.6 fails for infinite algebras. Now B ⊆ Q forms a subalgebra of A if and only if B is an interval, hence A is HAF. Thus Theorem 1.4 fails for infinite algebras.
On the other hand, the relation of solvability (or abelianess) and absorption-freeness is unclear for infinite algebras. Some thoughts with respect to extending Theorem 1.5 towards infinite algebras are presented in the last section. Consequences for affine representations are also discussed there (comp. [18, 19] for background).
Hereditary properties and Mal'tsev conditions
We first introduce useful notation. When f is an m-ary term and g 1 , . . . , g m are n-ary terms, by f [g 1 , . . . , g m ] we mean the mn-ary term
We define f * g := f [g, g, . . . , g].
Hereditary properties propagate.
Proposition 2.1. The following classes of idempotent algebras (of a fixed signature) are pseudovarieties:
(
A is finite and every subalgebra of A has a confluent term operation } (5) K = {A : A is finite and every subalgebra of A has a transitive term operation } (6) K = {A : A is finite and every subalgebra of A has a weakly pointing term operation}
Proof. All classes are trivially closed under subalgebras and, in cases (3)- (6) under quotients. In cases (1) and (2) the class K is also closed under quotients since union of blocks in an absorbing subuniverse of a quotient is an absorbing subuniverse in the original algebra. Therefore we can concentrate on products.
The proofs for (1), (2) and (3) are similar. We only prove (1). Let A and B be HAF and let D be an absorbing subalgebra of C ≤ A × B, with absorbing term operation t. It is clear that proj 1 (D) absorbs proj 1 (C) and proj 2 (D) absorbs proj 2 (C) (with absorbing term operation t) and, since A and B are HAF, both projections of D and C are equal. Suppose, for a contradiction, that D = C, hence we can choose a ∈ A such that B = {b ∈ B : (a, b) ∈ D} {b ∈ B : (a, b) ∈ C} = B . Since D and C are idempotent, both B and B are subalgebras of B. Clearly ∅ = B B and B is absorbing in B (with absorbing term operation t). This contradicts the assumption that B was HAF.
The proofs for (4), (5) and (6) are similar. We only prove (5). Let A and B be algebras in K, and define t A (t B , respectively) as t 1 * t 2 * . . . , where t 1 , t 2 , . . . is a list of transitive term operations for all subalgebras of A (B, respectively). The operation t A (t B ) is a transitive term operation in every subalgebra of A (B). We claim that t = t B * t A is transitive in every subalgebra C ≤ A × B. Take any coordinate i of t and any u = (a, b), v = (a , b ) ∈ C. We need to find (a 1 , b 1 ), . . . ∈ C such that a i = a, b i = b, and t((a 1 , b 1 ), . . . ) = (a , b ). The pairs within the term operation t A containing the i-th coordinate are chosen so that the result of t A is of the form (a , b ) for some b ∈ B (we can do that since t A is transitive on proj 1 (C)). In every other copy of t A , the variables are set to the same element of the form (a , b j ) ∈ C. Since t B is transitive on {b ∈ B : (a , b) ∈ C}, we can do it so that t B applied to the results of t A 's is equal to (a , b ).
The corresponding statement for pointing operations follows from Theorem 2.12.
Taylor term.
We prove a generalization of Theorem 1.1 characterizing Taylor terms by means of confluent operations. The core of the argument is the following lemma.
Lemma 2.2. Let V be an idempotent variety. If the free algebra on two generators in V has a confluent term operation than V has a Taylor term.
Proof. Let t be a confluent term operation of F. Let f j i 's and g j i 's be elements of F such that for every j t(f
Note that each f j i and g j i can be obtained from h i by setting a set of variables of h i to x and the rest of the variables to y (we are using idempotency here). Now we show that s = t[h 1 , . . . , h n ] is a Taylor term.
To do so, we fix a coordinate i and attempt to fill in remaining coordinates so that
holds. Suppose i appears within the scope of h j . We choose all the variables within h j to evaluate to x on the left (h j evaluates to x on the left) and to y on the right. We identify the variables in all other h k 's to obtain f j k 's on the left and g j k 's on the right. By construction, the evaluations of s on the left and on the right are equal. Theorem 2.3. Let A be a set of idempotent algebras, and assume that the variety V generated by A is locally finite. The following are equivalent.
(1) V has a Taylor term; (2) every finite subalgebra of an algebra in A has a confluent term operation.
Proof. The implication (1) ⇒ (2) is trivial since a Taylor term operation is clearly confluent. To prove (2) ⇒ (1), consider the free algebra F on two generators in V. Since it is finite, it lies in the pseudovariety generated by finite subalgebras of algebras from A. Then F is confluent by Proposition 2.1. (4) and V has a Taylor term by Lemma 2.2.
An easy consequence of Theorem 2.3 is the following.
Corollary 2.4. Let A be a finite idempotent algebra. If every 2-generated subalgebra of A has a Taylor term then so does A.
Proof. Since every 2-generated subalgebra of A has a Taylor term it also has a confluent term operation. Then, for every u, v ∈ A, considering the subalgera generated by u, v, we obtain a term operation t u,v of A satisfying the requirement for a confluent operation for the pair (u, v). Take a list t 1 , . . . , t k containing such "partially confluent" operations for every pair (u, v) ∈ A 2 . Now t = t 1 * · · · * t k is a confluent term operation in every subalgebra of A, so A has a Taylor term.
2.3. Cube term. Next we prove a generalization of Theorem 1.2 relating cube terms, cube term blockers and transitive operations. We start with an analogue of Lemma 2.2 for transitive operations. The proof is similar. Lemma 2.5. Let V be an idempotent variety. If the free algebra on two generators has a transitive term operation then V has a cube term.
In [1] , the main auxiliary result for the Absorption Theorem was Proposition 2.7 which proves the existence of transitive operations. Minor changes of the proof gives us the implication "no blocker ⇒ transitive". Lemma 2.6. Let A be a finite idempotent algebra. If A has no cube term blocker then A has a transitive term operation.
Proof. For a term operation t of A of arity k, an element b ∈ A, and a coordinate i ≤ arity(t) we set W (t, b, i) = {t(a 0 , . . . , a k−1 ) : a i = b and ∀j a j ∈ A}. Our aim is to find a term operation v such that W (v, b, i) = A for any b ∈ A and any coordinate i. We will achieve this goal by gradually enlarging the sets W (t, b, i).
Let n < |A| and assume we have already found term operations v (n) such that each W (v (n) , b, i) contains a subuniverse of A with at least n elements. From idempotency it follows that all the one-element subsets of A are subuniverses of A, thus any term operation can be taken as v (1) . For an induction step we first find a term operation w (n+1) such that each W (w (n+1) , b, i) has at least (n + 1)-elements. Let B 1 , B 2 , . . . , B l be the list of all at most n-element subuniverses of A. For every i ≤ l there exists a term operation t i witnessing the fact that (B i , A) is not a cube term blocker, that is, B i t i (A, . . . , A, B i , A, . . . , A) for every coordinate. Then the term operation t = t 1 * t 2 * · · · * t l is a common witness, i.e. for all i ≤ l we have  B i t(A, . . . , A, B i , A, . . . , A) for any position of B i . Now we can put w (n+1) = t * v (n) . The proof can be finished in the same way as in [1] . The term operation v (n) is constructed in Claim 2.9 within Proposition 2.7 and we take v = v |A| .
Theorem 2.7. Let A be a set of idempotent algebras, and assume that the variety V generated by A is locally finite. The following are equivalent.
(1) V has a cube term.
(2) every finite subalgebra of an algebra in A has a transitive term operation.
(3) no proper subalgebra of an algebra in A has a cube term blocker.
Proof. The implications (1) ⇒ (2),(3) are trivial. To prove (3) ⇒ (1) we consider (as in the proof of Theorem 2.3) the free algebra F on two generators in V. Since it is finite, it lies in the pseudovariety generated by finite subalgebras of algebras from A. By Proposition 2.1.(3), F has no cube term blocker and then, by Lemma 2.6, F has a transitive term operation. Now V has a cube term by Lemma 2.5.
The proof (2) ⇒ (1) is similar, using Proposition 2.1. (5) and Lemma 2.5.
We also have a similar consequence.
Corollary 2.8. Let A be a finite idempotent algebra. If every 2-generated subalgebra of A has a cube term then so does A.
2.4.
Meet-semidistributivity. The last Mal'tsev condition considered in this section is conguence meet-semidistributivity. The most difficult step for the characterization is to prove that finite idempotent algebras in congruence meet-semidistributive varieties have pointing term operations. A partial result in this direction was proved in [2] .
Lemma 2.9. Let A be a simple idempotent algebra with no proper absorbing subuniverse generating a meet-semidistributive variety. For every a ∈ A there exists a term operation of A which points to a.
In the general case we proceed by induction on the size of A. The following lemma shows that we can assume that A is absorption-free. Lemma 2.10. Let A be an idempotent algebra and B an absorbing subalgebra of A. If B has a pointing term operation then so does A.
Proof. Let w be an l-ary term operation providing the absorption and let t be a k-ary term operation of B which points to b using the tuple (b 1 , . . . , b k ). Then the term operation t * w of the algebra A points to b using the tuple
Lemma 2.11. Let A be a finite idempotent algebra in a congruence meet-semidistributive variety. Then A has a term operation pointing to one of its elements.
Proof. The proof is by induction on |A|, thus we assume that the lemma holds for all the algebras with fewer than |A| elements. By Lemma 2.10, A is absorption-free.
We take a maximal non-trivial congruence α. Lemma 2.9 provides existence of term operations of A/α pointing to a/α for any a.
Claim:
there exists a k-ary term operation of A/α which points using the tuple a 1 /α, . . . , a k /α such that for every i
To prove the claim we introduce some notation. For a n-ary term operation r in A/α which points using the tuple (a 1 /α, . . . , a n /α) we define
Now let t be a k-ary term operation of A/α which points using the tuple (a 1 /α, . . . , a k /α) chosen in such a way that χ t,(a 1 ,...,a k ) is minimal. We will show that
which will prove that t satisfies the conditions of the claim.
Let r 1 , . . . , r k be terms operation of A/α pointing to a 1 /α, . . . , a k /α, respectively. Take t = t[r 1 , . . . , r k ]. Let (a 1 , . . . , a m ) be the tuple obtained from concatenating tuples which witness that r i points to a i /α. The term operation t (x 1 , . . . , x m ) points in A/α (using this tuple) to the same element that t was pointing to.
Moreover
where the first inequality follows from the definition of χ, the second one from minimality of χ t,a 1 ,...,a k and the third one from construction of t . This proves the claim.
From this point on we fix term operation t and the tuple (a 1 , . . . , a k ) provided by the claim. Let B := t(a 1 /α, . . . , a k /α) ⊆ A and B = Sg A (B ). Since t is pointing in A/α using (a 1 , . . . , a k ), the algebra B lies fully in one congruence block of α. Therefore, by inductive assumption, we get an l-ary term operation r of B which is pointing using a tuple (b 1 , . . . , b l ).
Let s i be a term operation generating b i from elements of B . We put s i = s i * t and claim that the term operation r = r[s 1 , . . . , s l ] of A is pointing.
We begin to construct the tuple which shows that r is pointing. Focusing within s 1 we let c 1 , . . . , c m ∈ B be such that s 1 (c 1 , . . . , c m ) = b 1 . By definition of B we get d produces b 1 . Moreover, substituting any coordinate of this tuple with an arbitrary element of A we obtain, from the properties of t and the construction of s , a result in B. By repeating this procedure for all the c i 's and concatenating obtained tuples we get a tuple witnessing that r is a pointing term operation.
We are ready to state a generalization of Theorem 1.3. Theorem 2.12. Let A be a set of idempotent algebras, and assume that the variety V generated by A is locally finite. Then the following are equivalent.
(1) V is congruence meet-semidistributive.
(2) every finite subalgebra of an algebra in A has a pointing term operation. (3) every finite subalgebra of an algebra in A has a weakly pointing term operation. (4) V has an n-ary term t which, for every i ≤ n, satisfies an identity
where (x ij ) and (y ij ) are {x, y}-matrices such that x ij = y ij for every i = j, and x ii = x, y ii = y for every i. 
Proof. (1) ⇒ (2) follows from Lemma 2.11. (2) ⇒ (3) is trivial.
(3) ⇒ (4). Let F be the free algebra in V generated by x, y. Since F is finite, it belongs to the pseudovariety generated by finite subalgebras of algebras from A. Then F has a weakly pointing term operation t by Proposition 2.1.(6). Let f j i be the elements of F which witness that t is a weakly pointing term operation, and set
. Then the term t = t [f 1 , . . . , f n ] satisfies the required identities by a reasoning similar to the proof of Lemma 2.2.
(1) ⇒ (5). Let again F be the free algebra in V generated by x, y. By Lemma 2.11, F has a term operation t pointing to some element. This fact is witnessed by elements f 1 , . . . , f n ∈ F. Let t = t [f 1 , . . . , f n ]. After permuting variables (putting all odd coordinates first) the term t obtained from t satisfies the required identities (and some extra ones).
(4) ⇒ (1), (5) ⇒ (1). By [9, Theorem 9.10], V is meet-semidistributive if it satisfies an idempotent Mal'tsev condition which is not satisfiable in any vector space over a field. This condition is easily checked in both cases.
An interesting consequence of Theorem 2.12 and Lemma 2.10 is the following. Corollary 2.13. Let A be a finite idempotent algebra. If every absorption-free subalgebra of A generates a meet-semidistributive variety then so does A.
Lack of absorption and collapses of Mal'tsev conditions
In this section we prove a generalization of Theorem 1.4.
3.1. HAF and Taylor ⇒ Mal'tsev. For the first part we use a key fact from the absorption theory [1] .
Lemma 3.1 (Absorption Theorem [1, Theorem 2.3]).
Let A, B be finite idempotent algebras with Taylor terms, let R be a subdirect subuniverse of A × B, and let π A (π B , resp.) be the kernel of the projection R → A (R → B, resp.). If π A ∨ π B = 1 R then either R = A × B, or A has a proper absorbing subuniverse, or B has a proper absorbing subuniverse. Theorem 3.2. Let V be a locally finite variety generated by a set A of idempotent HAF algebras. If V has a Taylor term then it has a Mal'tsev term.
Proof. Let F be the free algebra on two generators x, y in the variety V. Since it is finite, it lies in the pseudovariety generated by A, and thus it is absorption-free by Proposition 2.1. (1). Let R be the subalgebra of F 2 generated by (x, y), (x, x), (y, x). It is subdirect in F 2 . Since F is idempotent, π A ∨ π B = 1 R . Consequently, using Lemma 3.1, R = F 2 , and there is a term m witnessing that (y, y) ∈ R, i.e., a term m satisfying m((x, y), (x, x), (y, x)) = (y, y). This term is a Mal'tsev term for V.
By applying Theorem 3.2 to the variety generated by all HAF algebras in a variety, we get a useful consequence: Corollary 3.3. Let V be a locally finite idempotent variety with a Taylor term. Then there is a term that is a Mal'tsev term on all HAF algebras in V. Proof. Let t be an n-ary Taylor term of A and assume that B is a cube term blocker. Then there exists a coordinate i such that t(a 1 , . . . , a n ) ∈ B whenever a i ∈ B. Since t is a Taylor term, t satisfies an identity of the form t(x 1 , . . . , x n ) ≈ t(y 1 , . . . , y n ) , where x 1 , . . . , x n , y 1 , . . . , y n ∈ {x, y} and x i = x, y i = y.
HBAF and Taylor
We claim that the binary term operation f (x, y) = t(x 1 , . . . , x n ) = t(y 1 , . . . , y n ) is an absorbing term operation for B. Indeed, if b ∈ B, a ∈ A then, since f (x, y) = t(x 1 , . . . , x n ), we have f (b, a) = t(c 1 , . . . , c n ), where c k ∈ {a, b} and c k = b iff x k = x for every k. As a i = b it follows that f (b, a) ∈ B. On the other hand, from f (x, y) = t(y 1 , . . . , y k ) we get
Theorem 3.5. Let V be a locally finite variety generated by a set of idempotent HBAF algebras. If V has a Taylor term then it has a cube term.
Proof. By Proposition 2.1. (2), the free algebra F on two generators in V is HBAF. From Lemma 3.4 it follows that F has no cube term blocker. Now F has a transitive term operation by Lemma 2.6, and then V has a cube term by Lemma 2.5.
We state a consequence analogous to Corollary 3.3.
Corollary 3.6. Let V be a locally finite idempotent variety with a Taylor term. Then there is a term that is a cube term on all HBAF algebras in V.
3.3. α-absorption. Next we define a finer notion of absorption which will be used for the application in solvable algebras.
Let α be a congruence of A. For X ⊆ A we denote X α = {a ∈ A : (a, x) ∈ α for some x ∈ X}. Let B be a subalgebra of A. We say B is an α-absorbing subalgebra of A if B absorbs B α . The original notion of absorption refers to α = 1 A . An algebra A is called hereditarily α-absorption free (shortly, α-HAF ), if no subalgebra B ≤ A has a proper α| B -absorbing subalgebra, it means, whenever C is α-absorbing in B ≤ A, then C = C α| B . Similarly for bin-absorption.
Theorem 3.7. Let A be a finite idempotent algebra with a Taylor term and α a congruence of A.
(1) If A is α-HAF, then A has a term that is a Mal'tsev term on every block of α.
(2) If A is α-HBAF, then A has a term that is a cube term on every block of α.
Proof. In view of Corollaries 3.3 and 3.6, it is sufficient to show that all blocks of α are HAF (HBAF, resp.). Assume C is a (bin-)absorbing subalgebra of a subalgebra B of a block of α, with an absorbing term operation t. Then B is a subalgebra of A, too, α| B = 1 B , and thus t(C, . . . , C, C α| B , C, . . . , C) = t(C, . . . , C, B, C, . . . , C) ⊆ B, in every coordinate. It follows from α-absorption-freeness that C = C α| B = B.
Solvability and absorption

(Bin-)solvable ⇒ H(B)AF.
We first aim to show that solvable (bin-solvable, resp.) algebras are HAF (HBAF, resp.). We start with the abelian case.
Lemma 4.1. Let A be a finite idempotent algebra and α an abelian (bin-abelian, resp.) congruence of A. Then A does not have a proper α-absorbing (α-bin-absorbing, resp.) subalgebra.
Proof. Let B be an α-absorbing subalgebra of A, with an absorbing term operation t. (In the bin-abelian case, consider t at most binary.) We show that B = B α . First, assume that B 2 ⊆ α. We proceed by induction on the arity of t. If t is unary, it is the identity mapping, and thus B = t(B α ) = B α . In the induction step, we prove that if t is an n-ary absorbing term operation, then there also exists an (n − 1)-ary absorbing term operation for B. Letx denote the (n − 1)-tuple x 1 , . . . , x n−1 and put t m (x, y) = t(x, t(x, t(. . . , t(x m , y)))).
Then t m is also an absorbing term operation for B. Choose m such that
(for instance, m = |A|! will do). We show that the term operation
is absorbing for B. The only non-trivial condition to verify is, s(B, . . . , B, B α ) ⊆ B. Let b 1 , . . . , b n−2 ∈ B and a ∈ B α , and pick an arbitrary b ∈ B. Since B 2 ⊆ α, all elements b 1 , . . . , b n−2 , a, b are mutually α-equivalent, and so is the value t m (b 1 , . . . , b n−2 , b, a). Consider the equality
Using abelianess at the (n − 1)-th position, we replace b for a and obtain
The left hand side of the equality is always in B, because t m is absorbing for B, and so is the right hand side, equal to s(b 1 , . . . , b n−2 , a). Notice that if t is binary, we only used bin-abelianess.
Finally, consider an arbitrary α-absorbing subalgebra B of A and put B a = B ∩{a} α . Now B a is either empty, or it forms a subalgebra of A, and in the latter case it is α-absorbing, too: if b 1 , . . . , b n−1 ∈ B a and c ∈ B α a , we have t(b 1 , . . . , c, . . . , b n−1 ) both in B, because t is absorbing for B, and also in {a} α , because so are all arguments. Hence, B a is either empty, or B a = B α a = {a} α . So B is a union of blocks of α, hence B α = B. The same argument works for bin-absorption, too.
Lemma 4.2. Let A be a finite idempotent algebra and α a solvable (bin-solvable, resp.) congruence of A. Then A does not have a proper α-absorbing (α-bin-absorbing, resp.) subalgebra.
Proof. We proceed by induction on k, the degree of solvability of α over 0 A (i.e., k is the length of the shortest solvable chain between 0 A and α). If k = 1, then α is abelian and Lemma 4.1 applies. Now, assume the statement holds for all algebras and their solvable congruences of degree k, and consider an algebra A and its solvable congruence of degree k + 1. There is an abelian congruence β ≤ α of A such that α is solvable over β of degree k. According to Lemma 4.1, A has no proper β-absorbing subalgebra. By the induction assumption, A/β has no proper α/β-absorbing subalgebra. Let B be an α-absorbing subalgebra of A. Then B is also β-absorbing in A, hence B = B β . Also, B/β is α/β-absorbing in A/β, hence B/β = (B/β) α/β . Both properties are satisfied only if B = B α . Similarly for the binary case.
Theorem 4.3. Let A be a finite idempotent algebra and α a solvable (bin-solvable, resp.) congruence of A. Then A is α-HAF (α-HBAF, resp.).
Proof. Let B be a subalgebra of A. Then α| B is a (bin-)solvable congruence of B, and Lemma 4.2 applies.
Taking α = 1 A and considering the idempotent reduct, we obtain Theorem 1.5 mentioned in the introduction.
Proof of Theorem 1.5. Let A be a finite (bin-)solvable algebra. Then its idempotent reduct A I is also (bin-)solvable, hence HAF (HBAF). Now if C is a (bin-)absorbing subalgebra of B ≤ A, then C I is a (bin-)absorbing subalgebra of B I ≤ A I , hence C = B.
Locally solvable ⇒ HAF.
Recall that a 2-snag is a polynomial subreduct isomorphic to the 2-element semilattice. A congruence α of an algebra A is called locally solvable if A has no 2-snag in an α-block. An algebra A is locally solvable if 1 A is solvable. From the tame congruence theory it follows (see [9, Theorem 7.2] ) that a congruence of a finite algebra is solvable if and only if it is locally solvable. We are not able to prove this fact directly. However, we can prove an analogue of Theorem 4.3 for local solvability. The core of the argument is the following lemma.
Lemma 4.4. Let A be a finite algebra with a proper absorbing subalgebra B. Then A has a 2-snag S where |S ∩ B| = 1.
Proof. The proof is by induction on |A|, thus we assume that the lemma holds for all the algebras with fewer elements.
Let t an n-ary absorbing term operation for B. We aim to reduce the arity of t to n = 2. Using iteration in the last coordinate, as in the proof of Lemma 4.1, we can assume that t satisfies t(x, t(x, y)) = t(x, y) .
Suppose that t(a, . . . , a, b) ∈ B for some b ∈ B, a ∈ A \ B. The unary polynomial f (x) = t(a, . . . , a, x) satisfies f 2 = f and its image intersects both B (as f (b) ∈ B) and A \ B (as f (a) = a). Then either f = id A , in which case (B ∪ {a}; t(x, x, . . . , x, y)) is a polynomial subreduct of A whose basic operation is binary, idempotent, and absorbing for B; or f (A) is a proper subset of A, in which case C = (f (A); f t) is a smaller polynomial subreduct of A whose basic operation is idempotent and absorbing for a proper, nonempty subuniverse f (A) ∩ B of C, and then we can use the induction assumption.
Now we can assume that t(a, . . . , a, b) ∈ A \ B for all b ∈ B, a ∈ A \ B. Choose b ∈ B arbitrarily and consider the unary polynomial f (x) = t(x, . . . , x, b). This polynomial maps B into B (as B is a subuniverse) and A \ B to A \ B. There are two possibilities. If f is a bijection then the inverse mapping g is a polynomial and (A; g(t(x 1 , . . . , x n−1 , b))) is a polynomial reduct whose basic operation is idempotent and absorbing for B and has arity n − 1. If f is not a bijection then a power g of f satisfies g 2 = g and (g(A); gt) is a smaller polynomial subreduct whose basic operation is idempotent and absorbing for f (A) ∩ B.
It remains to consider the case that t is binary and satisfies t(x, t(x, y)) = t(x, y). The argument above proves that for every a ∈ A \ B the unary polynomial f (x) = t(a, x) is equal to the identity, therefore t(a, x) = x for every x ∈ A. Now we iterate t in the first variable, i.e.
s(x, y) = t((t(t(x, y), y), . . . ), y) Recall that an algebra is locally finite if every finitely generated subalgebra is finite.
Theorem 4.5. Let A be a locally finite idempotent algebra and α a locally solvable congruence of A. Then A is α-HAF.
Proof. Local solvability carries to subalgebras, hence we only need to prove α-absorptionfreeness. Suppose B is a proper α-absorbing subalgebra, i.e., it is an absorbing subalgebra of B α ≤ A. Choose an α-block C such that C ∩ B is a proper subset of C. Let D be the subalgebra of C generated by an element in B and an element in C \ B. Since A is locally finite, D is finite. By Lemma 4.4, D has a 2-snag, therefore α is not locally solvable.
We can formulate the following characterization of local solvability in terms of absorptionfreeness.
We sketch a proof of "(1) implies Taylor" and "(3) implies Taylor" which uses confluent operations.
Let V be an idempotent, locally finite variety and assume that • there is a term that is a Mal'tsev term on all blocks of every solvable congruence of every finite algebra in V, or • there is a term that is a cube term on all blocks of every bin-solvable congruence of every finite algebra in V. We will show that every finite algebra in V has a confluent term operation, hence Lemma 2.2 applies.
Let A be the smallest counterexample, that is, the smallest algebra in V with no confluent term operation. By the assumption A is non-abelian (otherwise we get a Malt'sev term, or a cube term which give us confluent operations). Straightforward arguments (as in Proposition 2.1 or Corollary 2.4) show that A is simple and that it is enough to find a term operation t u,v which satisfies the confluency condition for every u, v with Sg A ({u, v}) = A.
Let us denote u = 0 and v = 1 and assume Sg A ({0, 1}) = A. We aim to find t 0,1 as above. As A is non-abelian, there is a term operation t(x 1 , . . . , x n ) of A such that:
t(a, a 2 , . . . , a n ) = t(a, b 2 , . . . , b n ) and t(b, a 2 , . . . , a n ) = t(b, b 2 , . . . , b n ).
As A is idempotent and generated by {0, 1}, by composing terms generating a's and b's and identifying coordinates, we obtain t (x 1 , . . . , x 8 ) such that: For t , the coordinates 6 and 7 are unimportant by the first part of ( ‡), and the coordinates 1, 3, 5 are unimportant since t is idempotent and one of two evaluations in ( ‡) is equal to 1.
For a term operation s(x 1 , . . . , x m ) define
Note that Q t ⊇ {1, a} for some a = 1. Now let t (x 1 , . . . , x n ) be a term operation with maximal (under inclusion) Q t which contains {1, a}. If Q t 0 then, by idempotency, t can be taken for t 0,1 and the proof is finished. Suppose for a contradiction that Q t A. As Q t is not a union of congruence blocks in a congruence generated by {(1, a)} there is a term operation f (x, y, z) such that:
It is straightforward to verify that the term operation u = f * t , the set Q u contains Q t as well as f (a, 0, 1) and f (1, 0, 1), a contradiction. (1) A is affine; (2) A is abelian and has a Mal'tsev polynomial operation; (3) A has a central Mal'tsev polynomial operation (centrality means that it is a homomorphism A 3 → A).
This fact is sometimes called the Fundamental Theorem on Abelian Algebras. The crucial implication is (2) ⇒ (1), and its proof is fairly straightforward: pick 0 arbitrarily, define an abelian group on A using the Mal'tsev polynomial in the obvious way, and consider the ring of unary polynomials preserving 0. (Abelianess for terms of higher arities is crucial here, the property fails for bin-abelian algebras.) See, e.g., [16] for details. Now, Corollary 1.6 can be interpreted in the following way. Recall that the original proof of the theorem used the tame congruence theory heavily (see the discussion below Theorem 4.7), and in the present paper, we provided a proof based on absorption theory. Yet another proof of Theorem 5.1 has been discovered recently by M. Stronkowski and published in [18] . It is based on the fact that finite algebras with a Taylor term have a weak near unanimity term [15] . If w is such a term, consider a binary polynomial x * y = w(x, y, c, . . . , c), for an arbitrary c. Using abelianess, it is fairly easy to prove that * is cancellative, see [18, Corollary 3.8] , hence, in a finite algebra, it is a quasigroup operation. It follows that a Mal'tsev polynomial exists. Notice that this is a weaker result, as it produces a Mal'tsev polynomial only (not a term), and does not allow for a refinement, as in Theorem 4.7. Furthermore, the proof relies on existence of a weak near unanimity term. Its original proof by Maróti and McKenzie [15] is rather involved and uses the tame congruence theory. A proof based on absorption theory can be found in [1] , yet the argument is far more complicated than the one behind the Absorption Theorem used in our new proof.
5.2.
Quasi-affine representation. For abelian algebras that are non-Taylor, or infinite, we can consider a weaker affine representation. An algebra is called quasi-affine, if it is a polynomial subreduct of a module. Clearly, quasi-affine algebras are abelian. K. Kearnes andÁ. Szendrei [11] proved that abelian algebras with a Taylor term are always quasi-affine, and they are affine under a somewhat stronger assumption that they satisfy an idempotent Mal'tsev condition that fails in semilattices. On the other hand, virtually nothing is known on quasi-affine representations of abelian non-Taylor algebras.
In the quest of finding whether Theorem 1.5 could be extended to infinite algebras, we can restrict to idempotent algebras: if there was a solvable algebra that is not HAF, its idempotent reduct had the same property. Here is an interesting observation: Proposition 5.2. Idempotent quasi-affine algebras are HAF.
Proof. It is easy to check that every idempotent quasi-affine algebra is in fact a subreduct of a module over a ring R, i.e., every term operation can be expressed as t(x 1 , . . . , x n ) = i r i x i where r i ∈ R such that r i = 1. Subalgebras of quasi-affine algebras are quasi-affine too, so we only need to prove non-existence of a proper absorbing subalgebra in any idempotent quasi-affine algebra A. Let B be an absorbing subalgebra, with an absorbing term t(x 1 , . . . , x n ) = i r i x i . Let a ∈ A arbitrary. For every coordinate j and every b 1 , . . . , b n ∈ B, we get r j a + i =j r i b i ∈ B, hence r j a ∈ B for every j, and thus also a = r j a ∈ B because of idempotence. We obtained B = A.
In order to find an example of an idempotent abelian algebra that is not HAF, we need to consider an idempotent abelian algebra that is not quasi-affine. Surprisingly, no such example is known, and the problem to find one has appeared, for instance, on the list of open problems from the 2001 Szeged conference [22, Problem 10.5] .
